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Abstract
We add a confining potential to the Aharonov-Bohm model resulting in no contact
of the particle with the solenoid (border); this is characterized by a unique self-adjoint
extension of the initial Hamiltonian operator. It is shown that the spectrum of such
extension is discrete and the first eigenvalue is found to be a nonconstant 1-periodic
function of the magnetic flux circulation with a minimum at integers and maximum
at half-integer circulations. This is a rigorous verification of the effect.
1 Introduction and results
Consider the Aharonov-Bohm (AB) traditional model (see the original work [1], the review
[2] and references therein for good physical accounts) of an infinitely long solenoid of radius
a > 0, restricted to the plane, and circulation κ (a scaled magnetic flux inside the solenoid;
see (3)). Important theoretical issues to the Aharonov-Bohm effect are:
• What is the boundary condition at the solenoid border?
• How to confirm, through a physical quantity, the AB effect?
• How does the AB effect depend on κ?
Our intension is to consider a situation in which the first question above plays no role,
i.e., a boundary condition is not necessary; we then confirm the AB effect (i.e., the second
question above) by looking at the first eigenvalue (ground eigenvalue) λ1(κ) of the AB
Hamiltonian Hκ (see ahead), and check a nontrivial dependence of λ1 on κ. Different
circulations correspond to different magnetic fields inside the solenoid, but they always
vanish in the accessible region to the particle; so a nonconstant function λ1(κ) is actually
a verification of the AB effect.
Indeed, we show that λ1(κ) is a nonconstant and even 1-periodic function, with a
minimum value at integers κ and maximum at half-integers. Furthermore, λ1(κ) is a
simple eigenvalue, except at its maxima where it is doubly degenerated, and Hκ1 and Hκ2
are gauge equivalent only in case κ1−κ2 is an integer number (the period of λ1(κ)). In this
work we report such results obtained on a rigorous mathematical basis and, importantly,
describe the main ideas behind them; proofs may be found in [3].
To be more precise, we begin with some notations: the accessible region is Ωa :={
z ∈ R2 : |z| > a} , z = (x, y) so that r = |z| = √x2 + y2. We also denote the (usual) AB
magnetic potential in Ωa, for a real parameter κ,
Aκ (z) :=
κ
|z|2 (−y, x) .
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Note that Aκ is smooth and bounded.
We consider an additional confining scalar (radial) potential V (r) in Ωa, positive,
continuous and satisfying
V (r) ≥ 1
(r − a)2 (1)
for r close to the solenoid border r = a, and finally
lim
r→∞V (r) =∞. (2)
Our initial Aharonov-Bohm operator, in suitable units, is then
H˙κϕ := (i∇+Aκ)2 ϕ+ V ϕ,
for the usual smooth functions of compact support ϕ ∈ C∞0 (Ωa). Any self-adjoint exten-
sion of Hκ is a fair candidate to model the AB effect. However, by using methods discussed
in [4, 5], we are able to show that condition (1) implies that H˙κ has just one self-adjoint
extension Hκ, which then is the operator describing the modeling in this situation. The
lack of boundary conditions at the solenoid border is interpreted as no contact of the
particle in Ωa with the solenoid.
By using the technique described in [6], it is obtained from (2) that the spectrum of
Hκ is always discrete. We then try to use the ground state eigenvalue λ1(κ) to probe the
presence of the AB effect, that is, whether λ1(κ) is a nonconstant function of κ despite
the fact that ∇ × Aκ = 0 (i.e., zero magnetic field in Ωa). This idea has already been
considered in other situations [7, 8].
Given a smooth magnetic potential A in Ωa with ∇×A = 0, define its circulation as
κ (A) :=
1
2pi
∫
C
A · ds, (3)
for any circumference C in Ωa centered at the origin. Stokes’ Theorem guarantees that
the above integral has the same value for all such circumferences. The circulation of Aκ
is exactly κ, so justifying the abuse of notation.
Two general smooth magnetic potentials A1 and A2 in Ωa are said to be gauge classi-
cally related if there exists a real smooth multivalued function φ in Ωa so that ∇φ is well
defined and
A2 = A1 +∇φ in Ωa.
In particular ∇ × A1 = ∇ × A2 (same magnetic field). If, furthermore, eiφ is also single
valued, we say that A1 and A2 gauge quantum related (GQR). It is possible to show
that A1 and A2 are GQR if, and only if, they are gauge classically related and for all
circumferences C in Ωa, one has(
1
2pi
∫
C
(A2 (z)−A1 (z)) · ds
)
∈ Z,
that is, κ(A2) − κ(A1) is an integer number. It then follows that Aκ and Aκ′ are GQR
if, and only if, κ − κ′ is an integer; in particular, in the interval (−1/2, 1/2] there is no
pair of circulations κ, κ′ so that Aκ and Aκ′ are gauge related. It is also possible to show
that Aκ and Aκ′ are GQR is equivalent to the fact that the corresponding Hamiltonian
operators Hκ and Hκ′ are gauge equivalent, that is, there exists a real smooth multivalued
function φ in Ωa so that e
iφ : Ωa → C is single valued (so defining a unitary operator, the
so-called gauge transformation) with domHκ′ = e
iφdomHκ and
Hκ′e
iφ = eiφHκ.
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Summing up, for any integer number m, Hκ is gauge (unitarily) equivalent to Hκ+m,
and such operators are not gauge equivalent for any κ, κ′ ∈ (−1/2, 1/2], κ 6= κ′. With
respect to spectrum, in particular the first eigenvalue λ1(κ), it is then a periodic function
of period 1, and we may restrict ourselves to κ in the interval (−1/2, 1/2].
On the other hand, it is clear that TH˙κ = H˙−κT , where T is the complex conjugation
Tψ := ψ, an antiunitary operator; by extension one gets THκ = H−κT . By using Weyl
sequences [9], one sees that Hκ and H−κ have the same spectrum (but they are not
gauge equivalent; it is an open question whether they are unitarily equivalent or not). By
combining with the above conclusion, it follows that λ1(κ) is an even 1-periodic function.
We may then restrict ourselves to κ in the interval [0, 1/2].
It is still missing a crucial ingredient, that is, to check that despite the zero magnetic
field in Ωa, for all κ, the first eigenvalue is a nonconstant function, so characterizing the
AB effect in this situation.
It is found that λ1(κ) is nondegenerate in [0, 1/2), and by applying the theory of
analytic perturbations and sectorial forms [10], one checks that (Hκ)κ∈(0,1/2) is a self-
adjoint analytic family of Type (B) with compact resolvent (see Remark 4.22, Section 4,
Chapter 7 in [10]), so that λ1(κ) as well as the corresponding eigenfunctions ψκ are analytic
(Hκψκ = λ1(κ)ψκ). A direct computation with the actions of the operators gives
dλ1(κ)
dκ
‖ψκ‖2 = 〈2iA1 · ∇ψκ, ψκ〉+ 2κ
∥∥∥∥ψκ|z|
∥∥∥∥2 ,
and since in this range of κ it is possible to choose the fundamental state ψκ real-valued
and normalized, one has
dλ1(κ)
dκ
= 2κ
∥∥∥∥ψκ|z|
∥∥∥∥2 > 0, κ ∈ (0, 1/2).
It follows that the first eigenvalue is an increasing function of κ in [0, 1/2], and so with
minimum at κ = 0 (no magnetic field inside the solenoid), as well as at all integer values
by periodicity, and maxima at half-integers; see Figure 1. This is a rigorous (theoretical)
verification of the existence of the AB effect in this context with no contact with the
solenoid.
Final remarks. (a) The period of λ1(κ) is compatible with experimental scattering
results [2] (without the confining V ). (b) By using the decomposition of Hκ in polar
coordinates, it is also found that λ1(κ) has multiplicity 2 at such maximum values, and
in this case there is an eigenfunction with a nodal set that is a simple line, starting at
the solenoid border and going to infinity. (c) H˙κ has a unique self-adjoint extension for
solenoids of more general shapes than disks. (d) The same conclusions hold true for
radius a = 0 solenoids, but under more specific choices of additional potentials V . (e) It is
worth mentioning that an important technical point in the proofs is the quadratic form Lκ
associated with Hκ, that is,
Lκ (ψ) :=
∫
Ωa
(|(i∇+Aκ)ψ|2 + V |ψ|2) dxdy,
with domain H10(Ωa) ∩ domV 1/2 (H10 is the usual Sobolev space). (f) The case a = 0
with no additional potential V and Dirichlet condition is known [11] to have absolutely
continuous spectrum [0,∞).
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Figure 1: Behavior of the first eigenvalue λ1(κ) as function of the circulation κ. Note the
periodicity and the maximum values (doubly degenerated) indicated by full circles.
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